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Abstract 

In this paper we present the definition of quasi-bases for modules 
over a ring that is commutative but not necessarily division and dis- 
cuss properties that guarantee the existence of quasi-bases. Based on 
this result we further prove that every finitely generated module over 
L°(J-,K) has a quasi-basis, where K is the scalar field of real numbers 
or complex numbers and L°(J-,K) is the algebra of equivalence classes 
of -ff -valued random variables defined on a probability space (fi, P). 
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1 Introduction 

Since the possible absence of a linear independent subset, it is well known that 
a unitary module M over a unitary and commutative ring R may not be free 
if R is not a division ring. Specifically, even ax = 9 [9 is the null element of 
M) does not imply a = or x = 9 for a e R and x G M because not every 
non-zero element in R has a multiplicative inverse. To find a group of elements 
which plays almost the same role as a basis in M, one needs to give reasonable 
generalizations of the classical inverse and linear independence. 

The recent progress in random metric theory shed light on finding such 
generalizations. Random metric theory originated from the theory of prob- 
abilistic metric spaces PQI2ll3l__l__llSl__l__j- In the direction of functional 
analysis, random metric theory has undergone a systematic and deep develop- 
ment HOI CCQ _I21 HSl [.S [.C-Sl dSl CQl IlEl HSl I2ni _2U since Guo presented the 
elaborated definition of a random normed module in [10] . Now the theory of 
random normed modules, random locally convex modules together with their 
random conjugate Sp£LCGS ; clS cL random generalization of the theory of classic 
normed spaces, locally convex spaces and their conjugate spaces, has become a 
powerful tool for the study of conditional risk measures [16"| [22]. Modules over 
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the algebra L° (J 7 , K ) of equivalence classes of K- valued random variables on 
some probability space (fl, J 7 , P) under the ordinary addition, multiplication 
and scalar multiplication operations on equivalence classes have been proved to 
be a kind of proper random generalizations of classic linear spaces over scalar 
field for random metric theory. Notice that L°(J r , K) is not a division ring 
unless the probability space (fi, J 7 , P) is trivial, thus modules over L ^, K) 
(briefly, L°(J r , i^)-modules) may not be free. A crucial step in the study of 
L°(J r , i^)-modules was taken in |14] . where the notion of stratifications were 
presented. And the algebraic structure of finitely generated L° (J 7 , if)-modules 
was studied in [21]. In this paper we will extend some results for L°(J r , X)- 
modules to those for general modules over a commutative ring. 

Generally, let / := {a G R | a 2 = a} for a unitary and commutative ring 
R, then / is a lattice if we define V : / x / i— > / by aV6 = a + 6- ab and 
A : / x / i— y I by aAb = ab for any a,b G I. Moreover, if there exists a minimum 
element i a in {i G / | ia = a} under the partial order ^ which is induced by 
V and A for each a G R, then a generalized inverse of a non zero element a in 
R can be defined as the element a -1 which satisfies i a -i = i a and a _1 a = i a . 
Furthermore, suppose every non zero element in R has a generalized inverse 
and M is an unitary module over R such that there exists a minimum element 
i x in {i G / | ix = x} for each x in M, then it is easy to see that ax = 9 implies 
ai x = for any a G R and x G M. Consequently, a generalized form of linear 
independence can be defined as: {xi,x 2 , • • • ,x n } C M is said to be linearly 
independent provided that £)?=i a>jXj = implies aji x . = 0, j = 1, 2, • • • , n for 
any ai, a2, ■ • • , a n G i£. In this paper we will show that if in addition, i? has the 
countable concatenation property and M is finitely generated, i.e. there exists 
a finite subset S of M such that M = spanS, then there exists a generalized 
linearly independent subset {x±,X2, ■ ■ ■ ,x n } C M with i xi ^ i X2 > i X3 ^ ^ 

that can generate M, which we called a quasi-basis for M. Moreover, we 
will prove that every finitely generated L ^, X)-module has a quasi-basis. 

2 Main Results 

In this section, R always denotes a commutative ring with identity e and M 
a unitary module over R. Let / := {a G R \ a 2 = a}, then J is a lattice if we 
define V : / x / i— )■ / by aV6 = a + b — ab and A : Ixi \— > I by aAb = ab for any 
a, b G /. In the sequel of this section we always assume that J is a complete 
lattice, i.e. every subset H of I has a supremum and an infimum, denoted 
by V H and /\ H, respectively. In addition, we also assume that there exist 
subsets {a n ; n G iV} and {b n ; n G N} of H such that \J H = \J{a n ; n G iV} and 
/\H = l\{b n ;n G N}, where N denotes the set of positive integers. Clearly, 
if H is directed upwards (downwards), then the above {a n } (resp. {b n }) can 
be chosen as nondecreasing (correspondingly, nonincreasing) . Some of the 
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concepts stated below come from the random metric theory, and here we will 
restate them in a more general form. 

A subset {i n ; n £ iV} of / is called a countable partition of e if \J{i n ; n £ 
N} = e and i m i n = for any m,n £ N and m 7^ n. We make the following 
convention that for any two elements x and y £ M, if there exists a countable 
partition {z n ; n £ iV} of e such that i n x = i n y for each n £ iV, then x = y. 

Definition 2.1 A formal called a countable concatenation 

of a sequence {x n \ n £ N} in M with respect to a countable partition {i n ; n £ 
N} of e. Moreover, a countable concatenation H nEN i n x n is well defined or 
^neNi n x n £ M if there is x £ M such that i n x = i n x n , Wn £ N. A subset G 
of M is called having the countable concatenation property if every countable 
concatenation Tj ne j^i n x n with x n £ G for each n £ N still belongs to G, namely 
^neN^nXn is well defined and there exists x £ G such that x = S„ e jvi„x n . 

The following lemma is a restatement of [151 Theorem 3.13]. Here we also 
give its proof for the convenience of the readers. 

Lemma 2.2 ([15, Theorem 3.13]) Let G and H be any two nonempty 
subsets of M such that G and H have the countable concatenation property 
and G fl H = 0, then there exists an unique element i(c,H) £ I such that the 
following are satisfied: 

1- i(q,B) > 0/ 

2. iGniH = for alii £ I,i < i(G,H) with i > 0; 

3. iGniH 7^ for alii £ I, i A i(G,H) = with i > 0. 

Here ^ is the order induced by V and A; and io > i\ means z'o ^ i\ and iq 7^ %\ 
for £ , *i £ I. 

Proof Let J = {2 £ / | %G fl i/f 7^ 0}, then for any % £ J we have 
z' £ J for all i' £ I with i' ^ i. Moreover, J is directed upwards. Actually, if 
ii, %i £ J then there exist Xx,X2 £ G and y 1; z/ 2 £ # such that Zi^i = z'iT/i and 
i 2 x 2 = i 2 y 2 . Let i 3 = i\—%\%<2, we have i 3 x\ J r{e-i ? )x 2 £ G, z 3 ?/i + (e— i 3 )y 2 £ if 
since G and H have the countable concatenation property. Consequently 

(«i V z 2 )(«3^i + (e - i 3 )a?2) = (*i — «i*2)^i + ^2^2 

= (h - H^HXi + i 2 x 2 

= (h - *l*2)*l2/l + 12V2 

= (h ~ kk)yi + hVi 

= (iiVi 2 )(i32/i + (e-is)2fe)- 
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Hence i± V i 2 £ J. 

Now let {j n | n G iV} be a nondecreasing sequence in J such that \f{j n \ n G 
iV} = \J J, then there exist two sequences {x„ | n G iV} C G and {y n \ n G 
N} C H such that j n a: ra = j n y n for each n G N. Let ^ = j„ - j„_i for n > 1, 
where j — 0, then E nGA r/'^x n = T lnGN j' n y n £ G fl if since G and H have the 
countable concatenation property. Hence \f J G J. Clearly \J J ^ e because 
G C\ H = If we set 2(g,h) = e — V J, then it is easy to see that «(G,_ff) is the 
desired element. □ 

Clearly, a singleton {x} C M has the countable concatenation property. In 
the sequel of this section, i x always denotes i({ x },{e}) if ^ is a non-zero element 
in M and ig = 0, where 9 is the null element of M. Specially, i a : = i({ a },{o}) 
for any a G R such that a ^ 0, and i = 0. It is easy to check that i x is the 
minimum element of {i £ / | ix = x} for any x £ M. 

Definition 2.3 A subset {x±,x 2 ,--- ,x n } of M is called a quasi-basis if 
M = span{x 1 ,x 2 , ••■ , x n }, i xi ^ i X2 > i X3 > • • ■ > i Xn and for any {aj} n j=l C 
R, ^ ,T j=i a j x j — 6 implies Oji Xj = for all j such that 1 ^ j ^ n. 

Now we can state and prove the main result of this paper as follows: 

Theorem 2.4 If R is a commutative ring with identity such that: 

1. I = {a £ R | a 2 = a} is a complete lattice, and for every subset H 
of I there exist subsets {a n ; n £ iV} and {b n ; n £ N} of H such that 
V H = Vi>„; ne N} and f\H = /\{b n ; n £ N}; 

2. there exists a' 1 such that i a -i = i a and a~ l a = i a for each a £ R; 

3. R has the countable concatenation property, 

then every finitely generated unitary R-module M has a quasi-basis; and if 
{xi, x 2 , • • • , x n } and {yi,y 2 , • • • , y m } are two quasi-bases for M, then n = m 
and i Xj = i yj for 1 ^ j ^ n. 

Proof Suppose M = {Y> l j=1 aiZi \ cii £ R, 1 ^ j ^ 1} for some non-zero 

elements zi, z 2 , - ■ ■ ,zi £ M and let z[ 1] = z x . If az[ 1} = 9 for some a £ R, 
then ai x = 0. In fact, i a x = a' 1 (ax) = 9 which implies i a i x = 0. Hence 
ai x = ai a i x = 0. 

Now suppose for some positive integer k there exists {z[ k \ ■ ■ ■ , z^} for 
some 1 ^ j ^ k such that M k := spcm{z[ k \ z^\ • • • , z^} = spanj^, z 2 , ■ ■ ■ , Zi k } 
for some l k ^ k, % < k ) ^ % (fc) ^ % (fc) ^ • ■ • > iin and for any {a p }l =l C -R, 

z l z 2 z 2 z j 

Yj J p=1 a p Zp k ^ = 9 implies a p i z (k) = for all p such that 1 ^ p ^ j. If M k = M, 
then {z[ k \ z^ k \ ■ ■ ■ , zj*^} is a quasi-basis for M; else let /fc+i be the minimum 
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integer such that zi k+1 ^ Clearly has the countable concatenation 

property thus i({z lk+1 },M k ) > 0, and if Y, p=1 bpZ ( p k) + fy{* lfc+1 },M fc )2j fc+1 = for 
some 61, 62, ■ • • ,b p ,b E R, then 

By the chosen of i{{ Zik+l },M k ) we have i b i^ Zi },M k ) = °> which implies &i({ Zlfc+i },A/ fc ) 

and consequently implies 6„z (*,) = for 1 ^ p ^ j. 

Moreover, it is easy to check that span{z[ k \ 23 , • • • , z \{«i fc ^.mO^h-i} — 
span{zi, Z2, • • - , Let z' a = %^ +1 },M fc )^« and +1) = 4 fc) + («({^ +1 },M fe )- 

i\)z\ . If Zi = 0, let Zp 1 ' = Zp for 2 ^ p ^ j; else let z 2 = i\i o) 

z 2 

and 2 2 = -4 + (ii — 2*2)^+1 • Likewise, if i 9 = for some 2 ^ g ^ 
j — 1, let = 4 for g < p ^ j; else let = i q i z (k) and 4+1^ = 

4+i + ~~ «9+i)%+i- Finally, if 7^ let zf^ = ijZ ik+1 . it is easy to 
verify that span{z[ k+1 \ z^ +l \ ■ ■ ■ , Zr k } = span-f^i, z 2 , ■ ■ ■ , zi }, i (h+i) ^ 

« (jt+i) ^ z (fc+i) ^ • • • ^ i (fc+i) and for any {c p }£ =1 C R, =1 c p zy = 6 implies 
c p i z (k) = for all p such that 1 ^ p ^ r; where r = j + 1 if ij ^ or else r = j. 

By induction we could obtain a quasi-basis for M. Now we turn to prove 
the later part of the theorem. Let io = i — i Xl , ij = i x . — i x+1 for 1 ^ j < n, 
in = i Xn , i' = i- V, ij = i Vj -i yj+1 for 1 ^ / < m and i' m = i Vm ; then it is easy 
to check that i M := {i x \ x G M} = {9} and {ijXi, ijX 2 , ■ ■ ■ , ijiCj} is a basis 
for the module ijM over the ring ijR := {i,a | a G i?} for each j satisfying 

1 ^ j ^ n and > 0. Thus ijM is a free module of rank j over the ring 

for each j satisfying ^ j ^ n and ij > 0. Likewise i\M is a free module of 
rank I over the ring i\R for each / satisfying ^ / ^ m and i\ > 0. 

Suppose iji[ > for some ^ j ^ n and ^ I ^ m, then it is easy to 
check that iji\M is a free module of rank j and also Z over the ring iji[R- Since 
i,-2'J-R is a commutative ring with identity iji'j, it follows from [2H Chapter 4, 
Corollary 2.12] that iji\E has the invariant dimension property, which implies 
j — I. Notice that 



ijij — ij 2^ i\ — ij e — ijj 
1=0 



thus ij < i'j for ^ j ^ n. Similarly, we have i[ < i\ for ^ I ^ m, hence 
m = n and i x . = i y . for 1 ^ j ^ n, which completes our proof. □ 

Now we turn to prove that every finitely generated L°(J r , i^)-module has 
a quasi-basis. In the sequel of this paper, I a denotes the equivalence class 
in -L°(J r , K) determined by the characteristic function of an J-'-measurable 
subset A of Q; and X = {I a \ A G J 7 }. It is easy to check that I = {£ G 
L°(.F, K) \e = e}, I a V I B ■= Iaub and I A A J B := IaciB for any A,5eJ, 
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thus X is a lattice under V and A. The following proposition is easy to see 
from [23]. 

Proposition 2.5 I is a complete lattice, i.e. every subset % of X has a 
supremum and an infimum, denoted by \f H and /\"H, respectively; and there 
exist subsets {a n ; n G iV} and {b n ; n G N} ofH such that \J H = \J{a n ; n G iV} 
and = /\{b n ;n G N}, where N stands for the set of positive integers. 
Furthermore if H is directed upwards (downwards) then {a n ;n G N} can be 
chosen as nondecreasing (resp. {b n ;n G iV} can be chosen as nonincreasing). 

Every countable partition of Iq can be represented as {Ia„] n G N}, where 
{A n ;n G N} is a countable partition of Q to J 7 . Clearly, L (J r , K) has the 
countable concatenation property. Moreover, for any £ G L°(J r , i^), is 
exactly the equivalence class of the J-'-measurable function (£°) _1 : O — > K 
defined by 

( ,o r i M= f (CV))" 1 , if£» ^0; 

1^ 0, otherwise, 

where £° is an arbitrarily chosen representative of £. It is clear that and 
£ ■ = Iiojen | fO( w )/o} = Thus we have the following theorem: 

Theorem 2.6 If E is a finitely generated L° (J 7 , K) -module, then E has a 
quasi-basis. Moreover, if {xi, x 2) ■ • • , x n } and {yi, 1/2,-'' > Vm} are t wo quasi- 
basis for E, then m = n and i Xi = i Vi for 1 ^ % ^ n. 
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